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THE WEYL REALIZATIONS OF LIE ALGEBRAS AND LEFT–RIGHT
DUALITY
STJEPAN MELJANAC, SASˇA KRESˇIC´–JURIC´, AND TEA MARTINIC´
Abstract. We investigate dual realizations of non–commutative spaces of Lie algebra
type in terms of formal power series in the Weyl algebra. To each realization of a Lie
algebra g we associate a star–product on the symmetric algebra S(g) and an ordering
on the enveloping algebra U(g). Dual realizations of g are defined in terms of left–right
duality of the star–products on S(g). It is shown that the dual realizations are related
to an extension problem for g by shift operators whose action on U(g) describes left
and right shift of the generators of U(g) in a given monomial. Using properties of the
extended algebra, in the Weyl symmetric ordering we derive closed form expressions for
the dual realizations of g in terms of two generating functions for the Bernoulli numbers.
The theory is illustrated by considering the κ–deformed space.
1. Introduction
This paper deals with some aspects of realizations of finite dimensional Lie algebras with
emphasis on applications to non–commutative (NC) spaces. Realizations of Lie algebras by
vector fields play a major role in group analysis of differential equations, such as calculation
of symmetry groups and group–invariant solutions [1, 2], group classification of PDE’s [3]
and construction of difference schemes for numerical solutions of differential equations [4].
Recently, realizations of Lie algebras have been used extensively in the study of NC spaces
and their deformed symmetries. The study of NC spaces is motivated by physical evidence
that the classical concept of point at the Planck scale
(
lP =
√
G~/c3 ≈ 1.62 × 10−35m
)
is no longer valid due to quantum fluctuations. Einstein’s theory of gravity coupled with
Heisenberg’s uncertainly principle suggests that space–time coordinates should satisfy un-
certainty relations ∆xˆµ∆xˆν ≥ l
2
P (Refs. [5, 6]). One of the possible approaches towards
description of space–time structure at the Planck scale is in the framework of NC geom-
etry. In this approach one introduces non–commutativity in space–time coordinates via
the commutation relations [xˆµ, xˆν ] = iθµν(xˆ). The anti–symmetric tensor θµν generally
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depends on xˆµ and a deformation parameter h ∈ R, and satisfies the classical limit condi-
tion limh→0 θµν = 0. There is also evidence from string theory suggesting that space–time
coordinates are non-commutative [7]. The coordinates xˆµ can be realized as formal power
series in the Weyl algebra semicompleted with respect to the degree of differential operator.
Algebraic relations between space–time coordinates lead to various models of NC spaces
such as the Moyal space [8, 9], κ–deformed space [10, 11] and generalized κ–deformed
space [12]. A review of applications of NC spaces in physics can be found in Refs. [13, 14].
The present paper deals with realizations of NC spaces of Lie algebra type whose coor-
dinates satisfy the Lie algebra relations [xˆµ, xˆν ] =
∑n
α=1Cµναxˆα. An important example
is the κ–deformed space defined by [xˆµ, xˆν ] = i(aµxˆν − aν xˆµ) introduced in Refs. [10, 11].
The goal of the present work is to generalize the results on realizations of the κ–deformed
space to an arbitrary finite dimensional Lie algebra g. We also want to describe some
general features of these results in a realization independent setting. This is done by
introducing an associative algebra H which contains the enveloping algebra U(g) and
studying an action of the generators of H on U(g).
The paper is organized as follows. In section 2 we outline the results needed in later
sections. For a given Lie algebra g with basis {X1,X2, . . . ,Xn} we study extension of
U(g) to an associative algebra H generated by Xµ and 2n
2 generators Tµν and T
−1
µν . We
introduce an action of Tµν and T
−1
µν on U(g) describing the right and left shift of basis
elements Xµ in a monomial X
ν1
1 X
ν2
2 . . . X
νn
n ∈ U(g). The actions of Tµν and T
−1
µν are given
by the coproducts ∆Tµν =
∑n
α=1 Tµα ⊗ Tαν and ∆T
−1
µν =
∑n
α=1 T
−1
αν ⊗ T
−1
µα .
Section 3 introduces realizations of g by formal power series of differential operators in
a semicompleted Weyl algebra Aˆn. To each realization we associate a star–product on the
symmetric algebra S(g) and an ordering prescription on U(g). We define left–right dual
star–products on S(g) via f ⋆˜ g = τ(f ⋆ g) where τ is the flip operator τ(f ∗ g) = g ∗ f .
We then study properties of such products in terms of the realizations of g. The role of
the generators Tµν is to provide transition between the left–right dual star–products and
also between the associated dual realizations. In section 4 we investigate in more detail
dual realizations of g in the Weyl symmetric ordering. Using the operators Tµν we find
a novel proof of the dual realizations of g in terms of the generating functions for the
Bernoulli numbers Bn (corresponding to conventions B1 = ±1/2). In section 5 the theory
is illustrated by finding the dual realizations of the κ–deformed space and the associated
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star–products. We show that the star–product is in fact a deformation quantization of the
Lie–Poisson bracket on the dual of the κ–deformed space.
2. Extensions of Lie algebras and left–right duality
Throughout the article g denotes a Lie algebra of dimension n over a field K (K = R or
C). Let {Xµ | 1 ≤ µ ≤ n} be an ordered basis of g satisfying the Lie bracket
[Xµ,Xν ] =
n∑
α=1
CµναXα. (1)
The structure constants obey Cµνα = −Cνµα and the Jacobi identity
n∑
ρ=1
(
Cµαρ Cρβν + Cαβρ Cρµν +Cβµρ Cραν
)
= 0. (2)
To motivate our discussion let us consider the following simple observation. In the en-
veloping algebra U(g), relations (1) can be written as XµXν =
∑n
α=1(δµαXν + Cµνα)Xα.
In general, if X = Xν11 X
ν2
2 . . . X
νn
n ∈ U(g) is a monomial, then shifting Xµ to the far right
in the product XµX generates polynomials pµα(X) such that
XµX =
n∑
α=1
pµα(X)Xα. (3)
Here pµα(X) is the unique polynomial of the form pµα(X) = δµαX + lower order terms.
Roughly speaking, computation of the polynomials pµα(X) is related to the problem of
extending the Lie algebra g by n2 generators Tµν and defining an action of Tµν on U(g)
such that Tµα ◮ X = pµα(X). Similarly, if Xµ is shifted to the far left in XXµ so that
XXµ =
n∑
α=1
Xαp˜αµ(X), (4)
we want to find another set of generators, say Sµα, satisfying Sµα ◮ X = p˜αµ(X). The
generators Tµν and Sµν were introduced in construction of the Hopf algebroid structure of
the Lie algebra type NC phase space (see Refs. [15, 16]). In this paper we study properties
of Tµν and Sµν associated to a general Lie algebra g. We construct an associative algebra H
by extending U(g) with Tµν and Sµν , and use this to prove certain results about realizations
of g.
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Let gL ⊃ g be the Lie algebra with basis {Xµ, Tµν | 1 ≤ µ, ν ≤ n} satisfying relations
(1) and
[Tµν , Tαβ ] = 0, (5)
[Tµν ,Xλ] =
n∑
α=1
CµλαTαν . (6)
Our first task is to construct an action of the enveloping algebra U(gL) on the subalgebra
U(g). To keep the notation simple, we identify the elements of gL with their canonical
images in U(gL).
Theorem 1. Let ◮ : U(gL)⊗ U(g)→ U(g) be a linear map, a⊗X 7→ a ◮ X, defined by
1 ◮ X = X, Xµ ◮ X = XµX, Tµν ◮ 1 = δµν (7)
and (ab) ◮ X = a ◮ (b ◮ X) for X ∈ U(g) and a, b ∈ U(gL). Then ◮ is a left action of
U(gL) on U(g) satisfying
Tµν ◮ (XY ) =
n∑
α=1
(Tµα ◮ X)(Tαν ◮ Y ) (8)
for all X,Y ∈ U(g).
Proof. First we show that (8) is uniquely fixed by the relations in U(gL) and conditions
(7). Relation (6) and the normalization condition Tµν ◮ 1 = δµν imply
Tµν ◮ Xλ = δµνXλ + Cµλν . (9)
Now, for any Y ∈ U(g), the identity Tµν ◮ (XλY ) = [Tµν ,Xλ] ◮ Y + Xλ(Tµν ◮ Y )
together with Eqs. (6) and (9) yields
Tµν ◮ (XλY ) =
n∑
α=1
Cµλα(Tαν ◮ Y ) +Xλ(Tµν ◮ Y ) =
n∑
α=1
(Tµα ◮ Xλ)(Tαν ◮ Y ). (10)
This shows that decomposition (8) holds for monomials X of degree one. By induction,
assume that (8) holds for monomials X of degree k. Then for k + 1 degree monomials we
have
Tµν ◮
(
(XλX)Y
)
=
n∑
α=1
(Tµα ◮ Xλ)
(
Tαν ◮ (XY )
)
=
n∑
β=1
( n∑
α=1
(Tµα ◮ Xλ)(Tαβ ◮ X)
)
(Tβν ◮ Y ) =
n∑
β=1
(
Tµβ ◮ (XλX)
)
(Tβν ◮ Y ). (11)
THE WEYL REALIZATIONS OF LIE ALGEBRAS AND LEFT–RIGHT DUALITY 5
By linearly extending the action we find that Eq. (8) holds for all X,Y ∈ U(g). In order
to prove that the action is well–defined, it suffices to show that the defining relations of
U(g) are in the kernel of ◮, and that the action is consistent with the relations in U(gL).
This is obvious for the action of Xµ, hence we only consider Tµν . Using Eq. (8) we find
Tµν ◮ [Xα,Xβ ] = δµν [Xα,Xβ ] +
n∑
ρ=1
(
CµαρCρβν + CβµρCραν
)
. (12)
In combination with Eq. (9), this implies
Tµν ◮
(
[Xα,Xβ ]−
n∑
ρ=1
CαβρXρ
)
=
n∑
ρ=1
(
CµαρCρβν + CβµρCραν + CαβρCρµν
)
= 0 (13)
due to the Jacobi identity (2). To show consistency of the action with relation (5) note
that [Tαβ , Tµν ] ◮ Xρ = 0. By induction, assume that [Tαβ , Tµν ] ◮ X = 0 for all monomials
of degree k. Then a short computation shows that
[Tαβ , Tµν ] ◮ (XρX) =
Xρ[Tαβ , Tµν ] ◮ X +
n∑
κ=1
Cαρκ[Tκβ, Tµν ] ◮ X +
n∑
κ=1
Cµρκ[Tαβ , Tµν ] ◮ X = 0. (14)
Hence, [Tαβ , Tµν ] ◮ X = 0 for all X ∈ U(g). Finally, consistency with relation (6) follows
from Eqs. (8)–(9) and noting that for any monomial X ∈ U(g) we have
[Tµν ,Xλ] ◮ X =
n∑
α=1
(δµαXλ + Cµλα)(Tαν ◮ X)−Xλ(Tµν ◮ X) =
( n∑
α=1
CµλαTαν
)
◮ X.
(15)
This completes the proof. 
We remark that Tµν ◮ X can be computed recursively from
Tµν ◮ (XαX) = Xα
(
Tµν ◮ X
)
+
n∑
ρ=1
Cµαρ
(
Tρν ◮ X
)
. (16)
The next result shows that the action of Tµα on X generates precisely the polynomials
pµα(X) defined by Eq. (3).
Lemma 1. Let X be a monomial in U(g) ⊂ U(gL). If Xµ is shifted to the far right in the
product XµX, then
XµX =
n∑
α=1
(Tµα ◮ X)Xα. (17)
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Proof. For monomials of degree one, Eq. (17) follows directly from Eq. (9). By induction,
assume that (17) holds for monomials X of degree k. Then, in view of Eq. (8) we find
Xµ(XλX) =
n∑
α=1
(Tµα ◮ Xλ) (XαX) =
n∑
α=1
(Tµα ◮ Xλ)
( n∑
β=1
Tαβ ◮ X
)
Xβ
=
n∑
β=1
[ n∑
α=1
(Tµα ◮ Xλ)(Tαβ ◮ X)
]
Xβ =
n∑
β=1
(
Tµβ ◮ (XλX)
)
Xβ. (18)
Hence, Eq. (17) holds for all monomials X ∈ U(g). 
As noted earlier, shifting Xµ to the far left in the product XXµ generates polynomials
p˜αµ(X) defined by Eq. (4). The following result is analogous to theorem 1. It describes
an extension of the Lie algebra g by n2 commuting generators Sµα such that Sµα ◮ X =
p˜µα(X). Sµν can be regarded as element of the formal inverse matrix [Tµν ]
−1, hence we
denote Sµν = T
−1
µν .
Theorem 2. Let gR be the Lie algebra with basis {Xµ, T
−1
µν | 1 ≤ µ, ν ≤ n} defined by
relations (1) and
[T−1αβ , T
−1
µν ] = 0, [T
−1
µν ,Xλ] =
n∑
α=1
Cλαν T
−1
µα . (19)
Then there exists a left action ◮ : U(gR)⊗ U(g)→ U(g) satisfying
1 ◮ X = X, Xµ ◮ X = XµX, (20)
T−1µν ◮ 1 = δµν , T
−1
µν ◮ (XY ) =
n∑
α=1
(T−1αν ◮ X)(T
−1
µα ◮ Y ) (21)
for all X,Y ∈ U(g).
The action of T−1µν is computed recursively from T
−1
µν ◮ Xλ = δµνXλ − Cµλν and
T−1µν ◮ (XαX) = Xα
(
T−1µν ◮ X
)
−
n∑
ρ=1
Cραν
(
T−1µρ ◮ X
)
, X ∈ U(g). (22)
Using induction as in lemma 1 one can prove that the right multiplication by Xµ can be
written as
XXµ =
n∑
α=1
Xα (T
−1
µα ◮ X). (23)
At this point it seems natural to extend the enveloping algebra U(g) by both sets of
generators Tµν and T
−1
µν . If such extension exists, then the normalization conditions for
Tµν and T
−1
µν necessarily imply that
∑n
α=1(T
−1
µα Tαν) ◮ 1 =
∑n
α=1(TµαT
−1
αν ) ◮ 1 = δµν .
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This suggests that U(g) should have a natural inclusion into a unital associative algebra
defined as follows.
Definition 1. Let H be a unital associative algebra with generators Xµ, Tµν and T
−1
µν ,
1 ≤ µ, ν ≤ n, subject to relations (1), (5)–(6), (19) and the additional relations
n∑
α=1
T−1µα Tαν =
n∑
α=1
TµαT
−1
αν = δµν . (24)
It is straightforward, albeit lengthy, to verify thatH is well defined, i.e. that the defining
relations for H are consistent. Clearly, we have the embedding g →֒ H where H inherits
the actions of U(gL) and U(gR) on the subalgebra U(g). In the rest of the paper important
role is played by the elements of H defined by
Yµ =
n∑
α=1
XαT
−1
µα . (25)
The elements Yµ generate the left–right dual of the Lie algebra g introduced in Sec. 3.
We note that Eq. (23) implies Yµ ◮ X =
∑n
α=1Xα(T
−1
µα ◮ X) = XXµ. Hence, Xµ
and Yµ act as left and right multiplication operators on U(g) since Xµ ◮ X = XµX and
Yµ ◮ X = XXµ for all X ∈ U(g). Furthermore, relations (1) and (19) imply that
[Xµ, Yν ] =
n∑
α=1
(
[Xµ,Xα]T
−1
να −Xα[T
−1
να ,Xµ]
)
= 0. (26)
reflecting commutativity of the left and right multiplication in U(g).
In the following section we consider realizations of g by formal power series of differ-
ential operators. To each realization of g we associate a star–product on the symmetric
algebra S(g). Using realizations of the generators Tµν and T
−1
µν we construct left–right
dual realizations of g that correspond to left–right dual star–products on S(g). In the
course of our discussion we present a novel proof of the Weyl symmetric realization of g
found in Ref. [17]. The theory presented here is illustrated by means of the κ–deformed
space in section 5.
3. Realizations of Lie algebras and left–right duality of associated
star–products
Let gh be a Lie algebra over K defined by
[Xµ,Xν ] =
n∑
α=1
Cµνα(h)Xα, 1 ≤ µ, ν ≤ n. (27)
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We assume that the structure constants Cµνα(h) depend on a deformation parameter
h ∈ R suc h that limh→0Cµνα(h) = 0. Any Lie algebra g can be deformed in this
way by simply rescaling the structure constants of g, Cµνα 7→ hCµνα. To simplify the
notation, we omit explicit dependence of Cµνα on h. The enveloping algebra U(gh)
is the coordinate algebra of the NC space defined by relations (27). In this section
we study realizations of Xµ by formal power series of differential operators in a semi-
completed Weyl algebra. Recall that the n–th Weyl algebra An is a unital associative
algebra over K generated by x1, . . . , xn, ∂1, . . . , ∂n satisfying the commutation relations
[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = δµν . (In the physics literature this is usually called the
Heisenberg algebra). The algebra An has a faithful representation on the vector space of
polynomials K[x1, . . . , xn] where xµ stands for multiplication operator by xµ and ∂µ is the
partial derivative ∂/∂xµ. We define Aˆn to be the semicompletion of An by the order of
differential operators. Thus, Aˆn contains formal power series in ∂µ but only polynomial
expressions in xµ.
Definition 2. A realization of the Lie algebra (27) is a Lie algebra monomorphism
ϕ : gh → Aˆn defined on the basis of g by
ϕ(Xµ) =
n∑
α=1
xα ϕαµ(∂), (28)
where ϕαµ(∂) is a formal power series in ∂1, . . . , ∂n depending on h such that
limh→0 ϕαµ(∂) = δαµ.
The map ϕ extends to a unique homomorphism of associative algebras ϕ : U(gh) →
Aˆn. The coordinates xˆµ =
∑n
α=1 xα ϕαµ(∂) ∈ Aˆn are interpreted as deformations of
ordinary coordinates xµ since limh→0 xˆµ = xµ. Let X̂ and X denote the subalgebras of Aˆn
generated by xˆ1, . . . , xˆn and x1, . . . , xn, respectively. Since ϕ is injective and [xˆµ, xˆν ] =∑n
α=1 Cµνα xˆα, the algebra X̂ is isomorphic with U(gh) (and X is trivially isomorphic with
S(gh)). The commutation relations for xˆµ hold if and only if the functions ϕµν satisfy a
system of formal PDE’s:
n∑
α=1
(
∂ϕλµ
∂∂α
ϕαν −
∂ϕλν
∂∂α
ϕαµ
)
=
n∑
α=1
Cµνα ϕλα, 1 ≤ µ, ν ≤ n. (29)
This is generally an under–determined system admitting infinitely many solutions param-
eterized by arbitrary real–analytic functions. The order in which xα and ϕαµ(∂) appear
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in the realization is immaterial since any linear combination
xˆµ = c
n∑
α=1
xαϕαµ(∂) + (1− c)
n∑
α=1
ϕαµ(∂)xα (30)
is also a realization of gh. Hermitian realizations are obtained for c = 1/2 (see Ref. [18]).
In the rest of the paper we set c = 1. Examples of different realizations of NC spaces such
as the κ–deformed space, generalized κ–deformed space and su(2)–type NC space were
found in Refs. [12, 17, 19, 20, 21, 22].
Realizations of Lie algebras are related to two important concepts: ordering on the
enveloping algebra U(gh) ≃ X̂ and star–product on the symmetric algebra S(gh) ≃ X .
To establish the connection we introduce a left action ⊲ : An ⊗ X → X , a ⊗ f 7→ a ⊲ f ,
defined by
xµ ⊲ f = xµf, ∂µ ⊲ f =
∂f
∂xµ
, (ab)⊲ f = a⊲ (b⊲ f), f ∈ X . (31)
The action extends to formal power series in Aˆn in the obvious way. For a given realization
ϕ : gh → Aˆn we define the vector space isomorphism Ωϕ : X̂ → X by Ωϕ(fˆ) = fˆ ⊲ 1.
Note that for fˆ = xˆµ1 xˆµ2 . . . xˆµk we have Ωϕ(fˆ) = xµ1xµ2 . . . xµk + pk−1 where pk−1 is a
polynomial of degree k−1 in the variables xµ1 , xµ2 , . . . , xµk . The isomorphism Ωϕ induces
a star–product on the algebra X as follows.
Definition 3. The star–product ⋆ : X ⊗ X → X associated to realization ϕ : gh → Aˆn is
defined by
f ⋆ g = Ωϕ
(
Ω−1ϕ (f)Ω
−1
ϕ (g)
)
, f, g ∈ X . (32)
The algebra X ⋆ = (X ,+, ⋆) is a unital associative algebra which is isomorphic to X̂
since Ωϕ(fˆ gˆ) = Ωϕ(fˆ) ⋆ Ωϕ(gˆ) for all fˆ , gˆ ∈ X̂ . Furthermore, the generators of X
⋆ satisfy
the commutation relations xµ ⋆ xν − xν ⋆ xµ =
∑n
α=1 Cµνα xα. A few remarks about the
star–product are in order. The star–product is a deformation of the commutative product
in X since f ⋆ g = fg + O(h). In deformation quantization, for a given Poisson manifold
(M, { , }) one looks for a formal star–product such that f ⋆g−g⋆f = ih{f, g} (mod h2) for
f, g ∈ C∞(M)[[h]]. The proof of existence of star–products for a general Poisson manifold
was given in Ref. [23] by Kontsevich’c formality theorem. In our approach the starting
point is not a Poisson manifold but the non–commutative algebra X̂ . The vector space
isomorphism Ωϕ : X̂ → X is then used to transfer the non–commutative multiplication in
Xˆ to the star–product in X . Here the star–product (32) is treated formally since it may
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fail to converge when extended to power series in the variables x1, . . . , xn. For technical
issues about convergence see Ref. [21].
Next we introduce left–right duality of the star–product (32). Let gh be the Lie algebra
with basis {Y1, Y2, . . . , Yn} closing the bracket relations
[Yµ, Yν ] = −
n∑
α=1
CµναYα, 1 ≤ µ, ν ≤ n. (33)
We say that g˜h is the “left–right dual” of the Lie algebra (27). Although gh and g˜ are
trivially isomorphic via Xµ 7→ −Yµ, the relation between their realizations is generally
non–trivial.
Definition 4. The star–products ⋆ and ⋆˜ associated with realizations ϕ : gh → Aˆn and
ϕ˜ : g˜h → Aˆn, respectively, are left–right dual if
f ⋆ g = g ⋆˜ f, f, g ∈ X . (34)
We remark that the notion of duality introduced here refers to the flip operator τ since
f ⋆˜ g = τ(f ⋆ g), and is not related to standard duality between coordinates and momenta
in the Weyl algebra. For future reference we refer to ϕ and ϕ˜ as dual realizations. It is
not difficult to show that the following result characterizes such realizations.
Lemma 2. Let ϕ and ϕ˜ be realizations of Lie algebras (27) and (33) given by
ϕ(Xµ) ≡ xˆµ =
n∑
α=1
xα ϕαµ(∂), ϕ˜(Yµ) ≡ yˆµ =
n∑
α=1
xα ϕ˜αµ(∂). (35)
Then the star–products ⋆ and ⋆˜ are left–right dual if and only if [xˆµ, yˆν ] = 0 for all
µ, ν = 1, . . . , n.
The vector space isomorphism Ω−1ϕ : X → X̂ associates to a realization ϕ an ordering on
the algebra X̂ ≃ U(gh) by mapping the standard basis of X to a basis of X̂ . Of particular
interest is the Weyl symmetric realization which makes Ωϕ−1 the symmetrization map.
This property is characterized by( n∑
µ=1
kµ xˆµ
)m
⊲ 1 =
( n∑
µ=1
kµxµ
)m
, ∀kµ ∈ K, m ≥ 1. (36)
In the following section we derive an explicit form of the Weyl symmetric realization and
compute its left–right dual. The approach followed here differs from that in Ref. [17] since
the key role is played by the algebra H introduced in definition 1.
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4. The Weyl symmetric realization of the algebra H
This section deals with the realization of the algebra H that corresponds to the Weyl
symmetric ordering on the subalgebra U(gh) ⊂ H. The realization uses the generating
function for the Bernoulli numbers Bk,
ψ(t) ≡
t
1− e−t
=
∞∑
k=0
(−1)k
k!
Bk t
k (37)
(with convention B1 = −1/2). Let C be the n× n operator–valued matrix with elements
Cµν =
∑n
α=1 Cµαν∂α where Cµαν are the structure constants of the Lie algebra (27). Let
eC denote the formal matrix exponential eC =
∑
∞
k=0C
k/k!.
Theorem 3. The algebra H in definition 1 admits the following realization:
xˆµ =
n∑
α=1
xα ψµα(C), T̂µν = (e
C)µν , T̂
−1
µν = (e
−C)µν , (38)
where ψµν(C) denotes the (µ, ν) element of the matrix ψ(C).
Proof. Define the realization of Tµν by T̂µν = (e
C)µν . Then clearly [T̂µν , T̂αβ ] = 0. Next
we seek a realization of Xµ ∈ U(g
L
h ) ⊂ H defined by xˆµ =
∑n
α=1 xαϕαµ(∂) such that
T̂µν and xˆλ close relations (6). It is shown in lemma 3 (see Appendix) that the formal
derivative of T̂µν is given by
∂
∂λ
T̂µν =
n∑
α,β=1
Cµαβ
(
1− e−C
C
)
λα
T̂βν , (39)
hence
[T̂µν , xˆλ] =
n∑
α,β=1
Cµαβ
[
n∑
κ=1
(
1− e−C
C
)
κα
ϕκλ(∂)
]
T̂βν . (40)
If we choose ϕκλ(∂) = ψ(C)λκ, then
[T̂µν , xˆλ] =
n∑
β=1
Cµλβ T̂βν . (41)
For this choice of the realization ϕµν(∂), the generators xˆµ are given by the power series
xˆµ =
n∑
α=1
xα ψµα(C) =
∞∑
k=0
n∑
α=1
(−1)k
k!
Bk xα(C
k)µα. (42)
Next we show that [xˆµ, xˆν ] =
∑n
α=1 Cµνα xˆα. Since the algebra Aˆn is associative, the opera-
tors xˆµ, T̂αβ ∈ Aˆn satisfy the Jacobi identity [[xˆµ, xˆν ], T̂αβ ]+[[xˆν , T̂αβ ], xˆµ]+[[T̂αβ , xˆµ], xˆν ] =
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0. Substituting (41) into this identity and using Eq. (2) we find
[[xˆµ, xˆν ], T̂αβ ] =
n∑
λ,ρ=1
Cµνρ Cραλ T̂λβ . (43)
The matrix ψ(C) is invertible, hence xµ =
∑n
α=1 xˆα(ψ(C)
−1)µα. This implies that
[xˆµ, xˆν ] =
∑n
ρ=1 xˆρ θµνρ(∂) for some formal power series θµνρ(∂) ∈ Aˆn. Consequently,
Eq. (41) yields
[[xˆµ, xˆν ], T̂αβ ] =
n∑
ρ=1
[xˆρ, T̂αβ ] θµνρ(∂) =
n∑
λ,ρ=1
θµνρ(∂)Cραλ T̂λβ . (44)
Comparing equations (43) and (44), and taking into account that the matrix T̂ = eC is
regular, we find
∑n
ρ=1 θµνρ(∂)Cραλ =
∑n
ρ=1Cµνρ Cραλ. Thus, the power series θµνρ(∂) has
only the zero–order term θ0µνρ ∈ K. We claim that θ
0
µνρ = Cµνρ. Note that the action (31)
yields [xˆµ, xˆν ]⊲ 1 =
∑n
ρ=1 θ
0
µνρ xρ. A short computation using expansion (42) shows that
xˆµ ⊲ xν = xµ xν +
1
2
n∑
ρ=1
Cµνρ xρ. (45)
Therefore, [xˆµ, xˆν ]⊲1 = xˆµ⊲xν− xˆν⊲xµ =
∑n
ρ=1Cµνρ xρ which proves that θ
0
µνρ = Cµνρ.
Thus the generators xˆ1, xˆ2, . . . , xˆn close the Lie algebra (27).
In a similar fashion one can show that the algebra U(gRh ) ⊂ H admits the realization
given by Eq. (42) and T̂−1µν = (e
−C)µν . Obviously,
∑n
α=1 T̂µα T̂
−1
αν =
∑n
α=1 T̂
−1
µα T̂αν = δµν ,
which proves that (38) defines a realization of H. 
We note that the realizations of the generators of H are defined in terms of the structure
constants Cµνλ which describe the adjoint representation of the Lie algebra gh. The
realization (42) was found in Ref. [17] where several different proofs were given using
direct computation, formal geometry and a coalgebra structure. The proof given here is
based on the realization of the extended algebra H which is then utilized to construct the
left–right dual realizations of the algebra gh. We remark that the star–product associated
to realization (42) appears implicitly in Ref. [24] as the Gutt star–product.
Theorem 4. The realization of the Lie algebra gh given by (42) satisfy the symmetrization
property (36).
Proof. We prove relation (36) by induction on m. The claim is obvious for m = 1 since
xˆµ ⊲ 1 = xµ. Assume that Eq. (36) holds for some m > 1. Then by the induction
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assumption ( n∑
µ=1
kµxˆµ
)m+1
⊲ 1 =
( n∑
µ=1
kµxˆµ
)
⊲
( n∑
µ=1
kµxµ
)m
. (46)
Define homogeneous polynomials Pm(x) =
(∑n
µ=1 kµ xµ
)m
. We write the realization of
xˆµ as xˆµ = xµ+
∑
∞
k=1
∑n
α=1 ak xα (C
k)µα where ak = (−1)
k Bk/k!. Substituting this into
Eq. (46) we find( n∑
µ=1
kµxˆµ
)m+1
⊲ 1 = Pm+1(x) +
∞∑
k=1
n∑
α=1
ak xα
( n∑
µ=1
kµ(C
k)µα ⊲ Pm(x)
)
. (47)
Define coefficients Kµα =
∑n
ρ=1 Cµραkρ. Then the action of the operator (C
k)µα on Pm(x)
is found to be
(Ck)µα ⊲ Pm(x) =
m!
(m− k)!
Pm−k(x)K
k
µα, k ≥ 1, (48)
where
K1µα = Kµα, K
k
µα =
n∑
β1,β2,...,βk−1=1
Kµβk−1Kβk−1βk−2 . . . Kβ1α, k ≥ 2. (49)
Note that
∑n
µ=1 kµKµα = 0 since Cµνλ = −Cνµλ. This yields
n∑
µ=1
kµK
k
µα = 0 for all k ≥ 1. (50)
Now, substituting Eq. (48) into (47) and using Eq. (50) we find( n∑
µ=1
kµxˆµ
)m+1
⊲ 1 = Pm+1(x) =
( n∑
µ=1
kµxµ
)m+1
. (51)
This completes the proof. 
4.1. Left–right duality in the Weyl–symmetric realization. Recall that in the as-
sociative algebra H the elements Yµ =
∑n
α=1XαT
−1
µα act as right multiplication operators
by Xµ, Yµ ◮ X = XXµ for X ∈ U(g). In view of theorem 3, the realization of Yµ is given
by
yˆµ =
n∑
α=1
xˆα T̂
−1
µα =
n∑
α=1
xα
(
e−Cψ(C)
)
µα
. (52)
Interestingly,
ψ˜(t) ≡ e−tψ(t) =
∞∑
k=0
(−1)k
k!
B¯k t
k (53)
is also a generating function for the Bernoulli numbers B¯k with convention B¯1 = 1/2. The
following result shows that xˆµ =
∑n
α=1 xα ψµα(C) and yˆµ =
∑n
α=1 xα ψ˜µα(C) actually
define dual realizations of the Lie algebra gh.
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Theorem 5. Let gh and g˜h denote the left–right dual Lie algebras (27) and (33), respec-
tively. Define linear maps ψ : gh → Aˆn and ψ˜ : g˜h → Aˆn by Xµ 7→ xˆµ =
∑n
α=1 xα ψµα(C)
and Yµ 7→ yˆµ =
∑n
α=1 xα ψ˜µα(C) where ψ(t) = t/(1 − e
−t) and ψ˜(t) = t/(et − 1). Then
the associated star–products
f ⋆ g = Ωψ
(
Ω−1ψ (f)Ω
−1
ψ (g)
)
and f ⋆˜ g = Ω
ψ˜
(
Ω−1
ψ˜
(f)Ω−1
ψ˜
(g)
)
(54)
are left–right dual, i.e. f ⋆ g = g ⋆˜ f for all f, g ∈ X .
Proof.
It was already shown in theorem 3 that ψ is a realization of gh. In order to show that
ψ˜ is a realization of g˜h, i.e. [yˆµ, yˆν ] = −
∑n
α=1Cµναyˆα, we make use of the relations in
the algebra H. Since yˆµ is of the form yˆµ =
∑n
α=1 xˆα T̂
−1
µα , we have [xˆµ, yˆν ] = 0 in view of
Eq. (26). This implies that [yˆµ, yˆν ] =
∑n
α=1 xˆα[T̂
−1
µα , yˆν ]. Furthermore, it follows from Eq.
(19) that [T̂−1µα , yˆν ] =
∑n
β,ρ=1Cβρα T̂
−1
µρ T̂
−1
νβ , hence [yˆµ, yˆν ] =
∑n
α,β,ρ=1 Cβρα xˆα T̂
−1
µρ T̂
−1
νβ .
Expressing xˆα as xˆα =
∑n
κ=1 yˆκ T̂ακ, the last relation can be written as
[yˆµ, yˆν ] =
n∑
κ=1
yˆκ
( n∑
α,β,ρ=1
Cβρα T̂ακ T̂
−1
µρ T̂
−1
νβ
)
. (55)
According to proposition 3 (see Appendix) that the operators T̂µν = (e
C)µν satisfy the
identity
n∑
α,β,ρ=1
Cβρα T̂ακT̂
−1
µρ T̂
−1
νβ = −Cµνκ, (56)
hence Eq. (55) yields [yˆµ, yˆν ] = −
∑n
κ=1Cµνκyˆκ. Now, since [xˆµ, yˆν ] = 0, lemma 2 implies
that the induced star–products (54) are left–right dual. 
It is important to note that only in the case of the Weyl symmetric ordering, the dual
realization is obtained by the simple transformation ψ˜µα(C) = ψµα(−C). In arbitrary
orderings there is no simple relation between a realization ϕµα(∂) and its dual ϕ˜µα(∂).
5. Dual realizations of the κ–deformed space
The κ–deformed space is the enveloping algebra of the Lie algebra
[Xµ,Xν ] = i(aµXν − aνXµ), 1 ≤ µ, ν ≤ n. (57)
This algebra appears in the mathematical framework of deformed (doubly) special rel-
ativity theories [25, 26] and it has applications in quantum gravity [27] and quantum
field theory [28, 29]. The deformation parameter κ = 1/|a| is usually associated with the
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Planck mass or quantum gravity scale. The Lie algebra (57) represents deformations of
the Euclidean or Minkowski space, depending on the metric imposed on the underlying
commutative space (obtained in the classical limit κ → ∞). Realizations of the Lie al-
gebra (57) in different orderings have been investigated in Refs. [19, 20, 22]. Recently,
realizations of Lie superalgebras have been used to construct graded differential algebras
on the κ–Minkowski space in Refs. [30, 31, 32, 33, 34]. Left–right dual realizations of
the κ–Minkowski space were found in Ref. [35]. Here we restrict our attention to the
κ–Euclidean space, although the analysis is easily extended to the κ–Minkowski space.
For future reference, let gκ denote the Lie algebra (57). The structure constants of gκ
are given by Cµνλ = i(aµδνλ − aνδµλ). Let us define the row vectors a = (a1, a2, . . . , an)
and ∂ = (∂1, ∂2, . . . , ∂n). Then the opearator–valued matrix Cµν =
∑n
α=1 Cµαν∂α can be
written as C = ia⊗∂−(ia ·∂)I where I is the n×n identity matrix and a ·∂ =
∑n
α=1 aα∂α.
The powers of C are given by
Ck = (−1)k−1Ak−1(ia⊗ ∂) + (−1)kAkI, k ≥ 1, (58)
where A denotes the differential operator A = ia·∂. Using the above expression the matrix
ψ(C), where ψ(t) is the generating function (37), can be found in closed form:
ψ(C) =
A
eA − 1
I −
1
A
( A
eA − 1
− 1
)
(ia⊗ ∂). (59)
Hence, the Weyl symmetric realization of the κ–Euclidean space is found to be
xˆµ =
n∑
α=1
xαψµα(C) = xµ
A
eA − 1
+ iaµ(x · ∂)
( 1
A
−
1
eA − 1
)
. (60)
This realization appears as a special case of an infinite family of covariant realizations found
in Ref. [20] (see also Ref. [35]). Note that in the classical limit we find limκ→∞ xˆµ = xµ,
as required. Similarly, one finds
T̂µν = (e
C)µν = e
−Aδµν − iaµ∂ν
e−A − 1
A
, T̂−1µν = (e
−C)µν = e
Aδµν − iaµ∂ν
eA − 1
A
(61)
which provides a realization of the associative algebra H containing the κ–deformed space
(57). According to theorem 5, the dual realization in the symmetric ordering is simply
given by
yˆµ =
n∑
α=1
xαψ˜µα(C) = xµ
A
1− e−A
+ iaµ(x · ∂)
( 1
A
−
1
1− e−A
)
. (62)
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It is shown in Ref. [20] that the star–product associated with the Weyl symmetric real-
ization (60) can be written in terms of bi–differential operators as
f ⋆ g = exp
( n∑
α=1
xα(∆∂α −∆0∂α)
)
(f, g) (63)
where
∆0∂α =
←−
∂α +
−→
∂α and ∆∂α =
←−
∂α
ψ˜(
←−
A +
−→
A )
ψ˜(
←−
A )
+
−→
∂α
ψ(
←−
A +
−→
A )
ψ(
−→
A )
. (64)
Here, the operators
←−
∂α and
−→
∂α act on f and g, respectively, while
←−
A and
−→
A are defined
by
←−
A = i
∑n
α=1 aα
←−
∂α and
−→
A = i
∑n
α=1 aα
−→
∂α. As usual, the identity operator stands for
pointwise multiplication. The star–product associated with the dual realization (62) is
found to be given by interchanging ψ and ψ˜ in Eq. (64). We then have f ⋆ g = g ⋆˜ f , in
agreement with theorem 5. Expanding the star–product to first order in the deformation
parameter 1/κ we obtain
f ⋆ g = fg +
i
2
1
κ
n∑
α,β=1
(a0α xβ − a
0
β xα)(∂αf)(∂βg) +O
( 1
κ2
)
(65)
where a0 = κa ∈ Rn is a unit vector. Note that the last equation can be written as
f ⋆ g = fg + (i/2κ){f, g} +O
(
1/κ
)
where
{f, g} =
n∑
α,β=1
(a0αxβ − a
0
βxα)(∂αf)(∂βg) (66)
is the Lie–Poisson bracket on the dual of the Lie algebra g0κ having the structure constants
C0µνλ = a
0
µδνλ− a
0
νδµλ. Thus, the star–product (63) corresponding to the Weyl symmetric
realization of the Lie algebra (57) is a deformation quantization of the Poisson manifold(
(g0κ)
∗, { , }
)
. More information on quantizing the dual of a Lie algebra is found in Refs.
[36, 24].
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Appendix A. Identities for the Weyl symmetric realization
In this appendix we prove some identities used in the proofs of statements in section 4.
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Proposition 1. The matrix elements Cµν =
∑n
α=1Cµαν∂α satisfy the following identities
n∑
α=1
(Cm)µαCαλν =
n∑
α,β=1
[
m∑
k=0
(
m
k
)
(−1)k(Ck)λα(C
m−k)βν
]
Cµαβ , m ≥ 1. (67)
Proposition 2.
∂
∂∂λ
(Cm)µν =
n∑
α,β=1
Cµαβ
[
m∑
k=1
(
m
k
)
(−1)k−1(Ck−1)λα(C
m−k)βν
]
, m ≥ 1. (68)
The above propositions are easily proved by induction on m.
Lemma 3.
∂
∂λ
(eC)µν =
n∑
α,β=1
Cµαβ
(
1− e−C
C
)
λα
(eC)βν . (69)
Proof. Using proposition 2 we find
∂
∂λ
(eC)µν =
∞∑
m=1
1
m!
∂
∂λ
(eC)µν =
n∑
α,β=1
Cµαβ
[
∞∑
m=1
m∑
k=1
1
m!
(
m
k
)
(−1)k−1(Ck−1)λα(C
m−k)βν
]
.
(70)
The formal power series in Eq. (70) can be written in closed form using the Cauchy
product
∞∑
m=1
m∑
k=1
Ak−1Bm−k (C
k−1)λα(C
m−k)βν =
(
∞∑
m=0
Am (C
m)λα
)(
∞∑
m=0
Bm (C
m)βν
)
(71)
with Ak = (−1)
k/(k + 1)! and Bk = 1/k!. Then
∞∑
m=1
n∑
k=1
1
m!
(
m
k
)
(−1)−1(Ck−1)λα(C
m−k)βν =(
∞∑
m=0
(−1)m
(m+ 1)!
(Cm)λα
)(
∞∑
m=0
1
m!
(Cm)βν
)
=
(
1− e−C
C
)
λα
(eC)βν , (72)
hence
∂
∂∂λ
(eC)µν =
n∑
α,β=1
Cµαβ
(
1− e−C
C
)
λα
(eC)βν . (73)

Proposition 3.
n∑
α,β,ρ=1
Cβρα (e
C)ακ(e
−C)µρ(e
−C)νβ = −Cµνκ. (74)
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Proof. In view of proposition 1 we have
n∑
α=1
Cαµκ (e
C)βα =
∞∑
m=0
1
m!
(
n∑
α=1
(Cm)βαCαµκ
)
=
n∑
α,ρ=1
[
∞∑
m=0
1
m!
m∑
k=0
(
m
k
)
(−1)k(Ck)µρ(C
m−k)ακ
]
Cβρα. (75)
It is easily verified that the sum in the brackets is the Cauchy product
(e−C)µρ (e
C)ακ =
∞∑
m=0
1
m!
m∑
k=0
(
m
k
)
(−1)k(Ck)µρ (C
m−k)ακ, (76)
hence
n∑
α=1
Cαµκ (e
C)βα =
n∑
α,ρ=1
Cβρα(e
−C)µρ (e
C)ακ. (77)
Multiplying Eq. (77) by (e−C)νβ and summing over β we obtain Eq. (74). 
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